In the Cascading Gravity brane-world scenario, our 3-brane lies within a succession of lowercodimension branes, each with their own induced gravity term, embedded into each other in a higherdimensional space-time. In the 6+1-dimensional version of this scenario, we show that a 3-brane with tension remains flat, at least for sufficiently small tension that the weak-field approximation is valid. The bulk solution is nowhere singular and remains in the perturbative regime everywhere.
bulk, the ghost is cured by including a sufficiently large tension on the (flat) 3-brane [11, 14] . Alternatively, the ghost is also cured when considering a higher-dimensional Einstein-Hilbert term localized on the brane, [9, 12] .
Already with N = 2 the solution exhibits degravitation: a 3-brane with tension creates a deficit angle in the bulk while remaining flat [14] . We stress that this self-tuning mechanism crucially relies on the extra dimensions having infinite volume: if the dimensions were compact, the brane tension would have to be tuned against other branes and/or bulk fluxes [15] .
Since the deficit angle must be less than 2π, the tension allowed by the solutions considered in [11, 14] is bounded by M 4 6 , where the 6d Planck mass M 6 is itself constrained to be at most ∼meV. Given its geometrical nature, this bound is most likely an artifact of the codimension-2 case and is expected to be absent in higher-codimension.
Motivated by these considerations, in this Letter we explore Cascading Gravity with N = 3, consisting of a 3-brane living on a 4-brane, itself embedded in a 5-brane, together in a 6+1-dimensional bulk, as sketched in Fig. 1 . Including tension on the 3-brane, we derive a solution for which i) the bulk metric is non-singular everywhere (except, of course, for a delta-function in curvature at the 3-brane location) and asymptotically flat; and ii) the induced 3-brane geometry is exactly flat.
Since the metric depends on 3 spatial coordinates, to proceed analytically we restrict ourselves to the weak-
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field approximation, corresponding to sufficiently small tension. For consistency, we check that our solution remains perturbative everywhere. We are currently working on numerically extending these solutions to the nonlinear regime of large tension.
Unlike the case of a pure codimension-3 DGP brane in 6+1 dimensions, where the static bulk geometry has a naked singularity for arbitrarily small tension [4] , here the bulk metric is completely smooth. This traces back to the cascading mechanism of regulating the propagator: the presence of parent branes removes the power-law divergence in the 4d propagator.
As illustrated in Fig. 1 , the 3 extra spatial dimensions are denoted by y, z and w, with the codimension-1 brane located at w = 0, the codimension-2 brane at z = w = 0, and the codimension-3 brane at y = z = w = 0. Indices in 7d are denoted by A, B, . . ., indices in 6d by a, b, . . ., in 5d by α, β, . . ., and finally in 4d by µ, ν, . . . I. Scalar Green's Functions: In solving for the metric perturbations, it is useful to first consider the scalar Green's functions, determined from the action
The model has three cross-over scales,
; and
marking, respectively, the transition scale from 4d to 5d, from 5d to 6d, and finally from 6d to 7d. In the absence of the 5d and 4d kinetic terms, the propagator on the codimension-1 brane is of the DGP form [5] 
where q α is the 5d momentum, and ω is the momentum associated with the z coordinate. The exact 6d propagator is then obtained by treating the 5d kinetic term as a perturbation localized at z = 0:
In particular the induced propagator on the codimension-2 brane is determined in terms of the integral of the higher dimensional Green's function:
.
(For |q| > m 7 we assume analytic continuation from hyperbolic tangent to its trigonometric counterpart.) Remarkably, the codimension-1 kinetic term makes the 5d propagator finite, thereby regulating the logarithmic divergence characteristic of pure codimension-2 branes. Indeed, G (0)
7 log(m 7 q) as M 6 → 0, and thus M 6 plays the role of a physical cut-off. As another check, note that in the limit m 7 → 0 in which the bulk decouples, we recover the usual DGP result: G (0)
The effective source therefore consists of induced gravity terms on each of the branes, as well as tension Λ on the codimension-3 brane.
In the weak-field approximation, the 7d line element can be written as ds
As shown in Appendix I, there is enough symmetry and gauge freedom to simplify the metric to the form
where Φ 0 (y, z) ≡ Φ(y, z, w = 0) is the induced profile on the codimension-1 brane. Here Θ(w) is the theta function: Θ(w) = +1 for w > 0, and −1 for w < 0. Substituting this ansatz into Einstein's equations (7), we find that Φ satisfies
This equation is of the cascading form [12] , as reviewed above. The asymptotically flat bulk solution is given by
where the induced profile Φ 0 (y, z) satisfies
To solve (11), we Fourier transform to momentum space and use the 6d and 5d Green's functions given respectively by (3) and (5). The result is
e iωz e iqyy g(q y )φ(q y )
where the Fourier transform of the codimension-2 profile, φ(q y ) = dye −iqyy Φ 0 (z = 0, y), satisfies
The solution to (13) can be expressed as the sum of a principal part P and two homogeneous modes: ). Requiring the field Φ 0 to be real imposes C + = C − ≡ C, while requiring Φ 0 to fall as y → 0 sets C = 0. Using the resulting expression for φ(q y ) into (12) and then into (10), we obtain the final expression for the scalar potential Φ(y, z, w) = 8Λ 5M 4
6Φ
(y, z, w):
This is our main result. Thanks to the cascading mechanism, which has regularized all potential divergences, this solution is finite everywhere. Figure 2 shows that Φ(y, z, w) is smooth everywhere and decreases with w.
As it stands, however, our framework has a ghost [8, 9] , as indicated by the poles at q y = ±q 0 . There are two ways to resolve this issue. One can introduce sufficiently large tension on both the codimension-2 and -3 branes [11] : to remove the ghost, the codimension-2 tension should be > ∼ M , whereas the corresponding bound on the codimension-3 tension is yet to be determined.
Alternatively, one can regularize codimension-2 and -3 branes and include 6d Einstein-Hilbert term localized on these objects [9, 12] . Following this route, we demonstrate in Appendix II that the poles do disappear, and that the profile for Φ(y, z, w) is qualitatively unchanged. III. Discussion: In this Letter we have shown that a 3-brane with tension remains flat in the 6+1-dimensional cascading gravity framework. In the weak-field approximation, we have obtained a bulk solution which is nowhere singular and remains perturbative everywhere.
These properties crucially depend on the existence of parent branes with finite Planck masses. Indeed, our solution goes outside the perturbative regime and acquires divergences in the limit M 5 , M 6 → 0, consistent with [4] .
We are currently extending our solutions to the nonlinear regime through numerical analysis. For now, we view the present results as a tantalizing first step towards realizing the idea of Rubakov and Shaposhnikov.
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In de Donder gauge, ∂
ab − M in the case where m6 = m7.
where the effective stress-energy on the codimension-1 brane, T
ab , includes contributions from the 5d and 6d induced gravity terms. Since there is no stress energy along the (a, w) and (w, w) directions, the corresponding equations are consistently satisfied by setting h aw = 0 and h ww = h 
ab .
To proceed further, it is convenient to decompose h ab into its trace and transverse-traceless (TT) parts:
From (15), the 6dTT components satisfy − M 
The symmetries of the problem allow a simple expression for the 5d components of the 6dTT part:
This follows from setting h 5dTT αβ = 0, which is consistent with the equations of motion for the case of interest. Substituting into (17), and using T We can now be explicit about the form of the various metric components. Combining (16) and (18), we get:
